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1. Introduction
In superconformal gauge theories BPS Wilson loops (WLs) can be defined, which are non-
local, gauge covariant or invariant Wilson-type operators that preserve a fraction of the supercon-
formal charges. These operators are in general non-protected against quantum corrections and play
a ubiquitous role in testing the AdS/CFT correspondence. In fact, their vacuum expectation values
(vevs) undergo a non-trivial flow between weak and strong coupling regimes and when localization
techniques are available for their exact determination they provide exact interpolating functions.
In supeconformal field theories (SCFTs) BPS WLs are also related to other physical observables,
like the cusp anomalous dimension and the Bremsstrahlung function, which can be determined in
terms of the WL expectation value. Since, alternatively, these quantities can in principle be com-
puted by using integrability techniques, the study of BPS WLs can also be instrumental for testing
integrability underlying the AdS/CFT correspondence.
From a different perspective, BPS WLs can be interpreted as dynamical one-dimensional de-
fects embedded in higher dimensional theories. In particular, interest has recently grown in study-
ing the structure of these lower dimensional superconformal defects through the evaluation of cor-
relation functions of local operators inserted on the Wilson contour.
BPS Wilson operators have been introduced and studied first in the prototypical example
of four-dimensional N = 4 SU(N) SYM theory. For the generalized circular 1/2 BPS Wilson-
Maldacena operator [1, 2] which includes couplings to scalar fields, a gaussian Matrix Model on the
S4 sphere has been found [3, 4, 5], which computes exactly its expectation value 〈W 〉. This function
interpolates between the perturbative result at weak coupling [3] and the strong coupling prediction
provided by a dual string configuration in AdS5×S5 [1, 4, 6]. An exact prescription has been then
proposed for computing the Bremsstrahlung function B, the physical observable measuring the en-
ergy lost by a massive quark slowly moving in the gauge background, in terms of 〈W 〉 [7, 8]. This
function also enters the small angle expansion of the cusp anomalous dimension Γcusp(φ)∼−Bφ 2,
which in turn controls the short distance divergences of a WL in the proximity of a cusp featured
by an angle φ , according to the universal behaviour 〈W (φ)〉 ∼ exp(−Γcusp(φ) log Λε ) (here Λ and
ε are IR and UV regulators, respectively). Exploiting integrability, the same quantities have been
determined by solving a system of TBA equations [9, 10, 11] with boundaries and in the near-BPS
limit, for a generalized cusp with the insertion of R-charged chiral operators on the tip of the cusp
[12, 13, 14, 15]. More general results away from the BPS point has also been obtained by the use
of the quantum spectral curve techniques [16, 17]. Large families of less BPS WLs inN = 4 SYM
theory have been also introduced [18, 19, 20, 21], which depend on constant parameters featuring
the internal coupling with the scalars and/or the contour, and interpolate between WLs with differ-
ent degree of supersymmetry. They have been computed at weak and strong coupling and exactly
via localization [22, 23, 24].
More generally, in four dimensions this approach has been developed for studying BPS WLs
in N ≥ 2 SYM theories. The exact result for 〈W 〉 is still provided by a Matrix Model on S4 [5],
which includes a non-trivial one-loop determinant and an instanton factor and is no longer gaussian.
Remarkably, a prescription for computing the B function has been given in [25] in terms of circular
WLs on the squashed sphere [26]. This prescription has been tested up to three loops in [27], and
it has been recently proved in general by exploiting algebraic properties of correlation functions
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induced by the residual superconformal invariance on the Wilson line [28, 29].
This kind of investigation has been extended to three-dimensional models. In this proceedings
I will review recent results regarding BPS Wilson loops and related observables in super-Chern-
Simons-matter theories, with particular emphasis on the N = 6, U(N)×U(M) ABJ(M) models
[30, 31]. The discussion is primarily based on papers [32, 33, 34]. For a broader collection of
results and an exhaustive list of references on WLs in Chern-Simons-matter theories we refer to
the recent review [35].
In three dimensions the spectrum of BPS WLs is much richer than in four dimensions. In fact,
due to simple dimensional reasons, not only scalar but also fermion matter can be used to build
up generalized BPS loop operators. There are in fact two prototypes of supersymmetric WLs:
One (the bosonic WL) is associated to a generalized gauge connection that includes couplings to
quadratic terms in the bosonic fields, and preserves at most 1/6 of the original supersymmetries
[36, 37, 38]. It should be dual to fundamental strings smeared along a CP1 inside CP3. The second
one (the fermionic WL) is featured by a gauge superconnection which includes also couplings to
fermions [39]. The inclusion of fermions promotes the operator to be at most 1/2 BPS, which is
dual to a fundamental string on AdS4× CP3.
Though the two types of operators preserve different portions of supersymmetry, the fermionic
WL is cohomologically equivalent to a linear combination of the bosonic ones. It then follows that
at quantum level they are indistinguishable, and a Matrix Model obtained by localizing with their
cohomological charge computes both of them. Indeed, this Matrix Model has been proposed in [40]
together with its weak coupling expansion, whereas an exact expression at large N in the strong
coupling limit has been found using topological strings [41, 42, 43] and the Fermi gas approach
[44, 45].
Having different types of generalized WLs allows to construct different non-BPS observables
starting from them. Generalized cusps formed with 1/6 BPS or 1/2 BPS rays are actually differ-
ent [46, 47] and, consequently, different Bremsstrahlung functions can be defined and potentially
evaluated exactly, as we will review.
The rest of the paper is structured as follows. In section 2 we briefly recall the definition
of BPS WLs in four and three dimensions. In section 3 these definitions are generalized to de-
fine two one-parameter classes of BPS operators, the bosonic and the fermionic “latitudes”. We
evaluate them perturbatively, discuss their cohomological equivalence, the concept of framing in
non-topological theories and their framing dependence. For these parametric WLs, in section 4 we
propose a Matrix Model to compute them exactly. This is a parametric Matrix Model that should
arise from localizing the path integral with the parameter-dependent supercharge that enters the co-
homological equivalence between fermionic and bosonic WLs. We compute the Matrix Model at
large N in the strong coupling regime by applying Fermi gas techniques and discuss the consistency
of our proposal. Section 5.1 is devoted to the definition of the different Bremsstrahlung functions
associated to bosonic and fermionic WLs and contains the exact prescription to compute the B’s
in terms of latitude WLs. Remarkably, as discussed in section 6, the fermionic Bremsstrahlung
function turns out to be entirely determined by the framing function of the bosonic WL. This gives
a new physical meaning to regularization-dependent framing factors in the case of non-topological
theories. Finally, we discuss open questions and future perspectives in section 7.
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2. BPS Wilson loops
In supersymmetric gauge theories, ordinary Wilson loops
W = TrPe−i
∫
Γ dx
µAµ (2.1)
break all supersymmetries, since there is no choice of the contour Γ that renders the holonomy of
the gauge connection supersymmetry invariant1. However, if the spectrum of the theory contains
matter fields in the adjoint representation of the gauge group, the connection can be generalised
to include couplings to these extra fields. These internal couplings and the contour can then be
suitably triggered in order to make the operator (locally) preserving a fraction of the supersymmetry
charges.
The prototypical example is the generalized Wilson-Maldacena operator introduced in four-
dimensionalN = 4, SU(N) SYM [1, 2]. In Euclidean signature and in fundamental representation
it is defined as
W = TrPe−i
∫
Γ dτL (τ) , L (τ) = x˙µAµ + i|x˙|θI(τ)ΦI(τ) (2.2)
where θI(τ), I = 1, · · · ,6, drive the (local) coupling to the six scalar fields ΦI of the theory and
Tr means the trace taken in fundamental representation of the gauge group. This expression can
be easily obtained by dimensional reduction of an ordinary WL in ten dimensions or, alternatively,
arises in a spontaneous SU(N+1)→ SU(N)×U(1) symmetry breaking mechanisms driven by the
non-vanishing vev of some scalars and describes the phase associated to the dynamics of a massive
W-boson moving in the gauge background [1, 2, 6].
When the contour Γ is a closed loop this operator is gauge invariant. For a suitable choice of
Γ and θI (satisfying θ 2 = 1) it can be shown to preserve a fraction of supercharges. In particular,
when θI is constant and Γ is the maximal circle in S2 ⊂ S4 this is 1/2 BPS, i.e. it preserves half of
the superconformal charges. According to the AdS/CFT correspondence, this operator has a dual
description in terms of fundamental strings ending on the Γ contour at the boundary of AdS5.
Operators (2.2) are in general non–protected and their expectation value
〈W 〉 ∼
∫
D[A, Aˆ,C,C¯,ψ, ψ¯] e−S TrPe−i
∫
Γ dτL (τ) (2.3)
depends non-trivially on the coupling constant λ = g2N of the theory. For circular contours, they
can be computed at weak couplings by ordinary perturbation theory [3, 4], whereas at strong cou-
plings one can use holographic methods [6]. According to this prescription the vev is given by
〈W 〉= Zstring where Zstring is the string partition function evaluated at the minimal area worldsheet
ending on the WL contour. In addition, for theories with N ≥ 2 supersymmetry, 〈W 〉 can be
computed at any finite value of the coupling using localization techniques [4, 5, 22, 23, 24]. In
this approach the path integral defining the vev localizes to a Matrix Model which can be solved
exactly. For the 1/2 BPS WL inN = 4 SYM theory, at finite N one obtains
〈W1/2〉=
1
N
L1N−1
(
− λ
4N
)
e
λ
8N (2.4)
1A manifestly supersymmetric version of (2.1) can be formulated in superspace, in terms of the integral of a super-
connection on a supercontour [48]. A rheonomic formulation of these operators has been recently proposed in [49].
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where L1N−1 is the modified Laguerre polynomial. In the large N limit this result coincides with the
resumation of the perturbative series of ladder diagrams [3, 4]. Moreover, its leading order expan-
sion at strong coupling coincides with the string theory prediction [1, 6, 50], as well as the one-loop
correction [51, 52, 53]. Therefore, the Matrix Model result (2.4) provides an exact interpolating
function that can be used to check the AdS/CFT correspondence.
3. “Latitude” bosonic and fermionic BPS Wilson loops in ABJM theory
We now introduce the main subject of this review, that is WLs in three-dimensional Chern-
Simons-matter theories. We will primarily focus on theN = 6 ABJM model [30], though most of
the discussion that follows has a simple generalisation (with some distinguo) to the more general
ABJ theory [31].
TheN = 6 ABJM theory is a three-dimensional U(N)k×U(N)−k Chern-Simons-matter the-
ory2, whose field content is given by Aµ , Aˆµ gauge vectors minimally coupled to SU(4) complex
scalars CI , C¯I and corresponding fermions ψ¯ I , ψI , I = 1, . . . ,4 in the (anti)bifundamental represen-
tation of the gauge group, and subject to a non-trivial potential. The total action reads
S = SCS+Smat+Sbospot +S
ferm
pot (3.1)
where
SCS =
k
4pii
∫
d3xεµνρ
{
Tr
(
Aµ∂νAρ +
2
3
iAµAνAρ
)
−Tr
(
Aˆµ∂ν Aˆρ +
2
3
iAˆµ Aˆν Aˆρ
)}
Smat =
∫
d3xTr
[
DµCIDµC¯I− iΨ¯IγµDµΨI
]
Here we have defined covariant derivatives
DµCI = ∂µCI + iAµCI− iCIAˆµ , DµC¯I = ∂µC¯I− iC¯IAµ + iAˆµC¯I (3.2)
and similarly for fermions. We avoid writing explicitly the complicated expressions of the potential
terms. Sbospot is a sestic pure scalar potential, whereas S
ferm
pot contains quartic couplings between scalars
and fermions. The interested reader can find their expressions for instance in [54].
The theory exhibits extended N = 6 supersymmetry, with SU(4) being the corresponding
R-symmetry group. It can be studied perturbatively in the coupling constant λ = N/k for N k.
In the opposite regime, for N k5 the model is dual to M–theory on AdS4×S7/Zk, whereas in the
range k N k5 it corresponds to Type IIA on AdS4×CP3.
As already mentioned in the introduction, in the ABJM theory it is possible to define two
different kinds of Wilson operators. The first is the set of bosonic WLs which correspond to gen-
eralized connections that include couplings to the (CI,C¯I) scalars [36, 37, 38]. The second set
of operators, which does not have analogue in four dimensions, is made by fermionic WLs and
involve couplings also to fermions. Though the possibility of introducing couplings to fermions
comes simply from dimensional considerations, it turns out to be crucial for enhancing the number
2The subscript k indicates the Chern-Simons level. It is an integer, as required by gauge invariance.
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of preserved supersymmetries. This was originally discussed in [39] where it was shown that while
a bosonic WL can be at most 1/6 BPS, the addition of fermionic couplings can increase the BPS
degree to 1/2.
The complete classification of bosonic and fermionic WLs generically featured by parametric
couplings to scalar and fermions has been given in [55, 56] (and reviewed in [57]). Among them
we find the latitude WLs that have been introduced in [32] (also inspired by [58]). This particular
set of operators depend on a real parameter ν ∈ [0,1] which appears in the internal couplings
with matter. As discussed in [32], this parameter can also be ascribed to a deformation of the
contour Γ from the maximal circle on S2 ⊂ S3 to a latitude circle described by coordinates xµ =
(
√
1−ν2,ν cosτ,ν sinτ). This is the reason why we call these operators “latitude” WLs.
These operators are explicitly constructed according to the following prescription.
Bosonic WLs: These are the natural generalization to three dimensions of the WL in (2.2). Choos-
ing a convenient normalization, they are defined as
WB(ν) =
1
N
TrP exp
(
−i
∫
Γ
dτLB(ν ,τ)
)
LB(ν ,τ) = x˙µAµ − 2piik |x˙|M
I
J (ν ,τ)CI C¯
J
WˆB(ν) =
1
N
TrP exp
(
−i
∫
Γ
dτLˆB(ν ,τ)
)
LˆB(ν ,τ) = x˙µ Aˆµ − 2piik |x˙|M
I
J (ν ,τ)C¯
J CI
(3.3)
where Γ is a closed contour in S2 and the matrix coupling is given by
M IJ (ν ,τ) =

−ν e−iτ√1−ν2 0 0
eiτ
√
1−ν2 ν 0 0
0 0 −1 0
0 0 0 1
 (3.4)
For generic values of the ν parameter these operators are 1/12 BPS, that is they preserve two
independent linear combinations Q1(ν) and Q2(ν) of the original N = 6 supercharges, whose
coefficients depend explicitly on ν [32]. For the special value ν = 1 the matrix M IJ becomes τ-
independent and diagonal, M IJ = diag(−1,1,−1,1). In this case the operator preserves a SU(2)×
SU(2) subset of the original R-symmetry group and supersymmetry is enhanced to 1/6 BPS. In fact,
these operators coincide with the bosonic 1/6 BPS WL on the maximal circle on S2 introduced in
[37, 38].
Fermionic WLs: In this case the generalized connection gets promoted to a U(N|N) superconnec-
tion and the operators read
WF(ν) =RTrP exp
(
−i
∫
Γ
dτL (ν ,τ)
)
L (ν ,τ) =
 x˙µAµ − 2piik |x˙|M IJ (ν ,τ)CIC¯J −i√ 2pik |x˙|ηI(ν ,τ) ψ¯ I
−i
√
2pi
k |x˙|ψI η¯ I(ν ,τ) x˙µ Aˆµ − 2piik |x˙|M IJ (ν ,τ)C¯JCI
 (3.5)
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where Γ is a closed contour in S2 and
M JI (ν ,τ)=

−ν e−iτ√1−ν2 0 0
eiτ
√
1−ν2 ν 0 0
0 0 1 0
0 0 0 1
 , ηαI (ν ,τ) = e iντ2√2

√
1+ν
−√1−νeiτ
0
0

I
(1,−ie−iτ)α (3.6)
Here we have chosen the convenient normalization factor
R =
i
2N sin(piν/2)
(3.7)
which is meaningful as long as ν 6= 0. For ν = 0 one can simply chooseR = 1.
In general, this class of operators is 1/6 BPS. They preserve four ν-dependent linear combina-
tions Q1,2,3,4(ν) of the original supersymmetry charges. Enhancement of supersymmetry occurs
at ν = 1 where the matrix becomes constant and diagonal, M JI = diag(−1,1,1,1) and preserves
a SU(3) subgroup of the R-symmetry group. In this case the operator coincides with the 1/2 BPS
WL on the maximal circle introduced in [39].
Both kinds of operators have a well-defined limit for ν → 0, where they reduce to Zarembo-
like Wilson loops [59].
As discussed in [39, 32], classically the fermionic WL in (3.5) is cohomologically equivalent
to the following linear combination of bosonic latitudes
WF(ν) =
e−
ipiν
2 WB(ν)− e ipiν2 WˆB(ν)
e−
ipiν
2 − e ipiν2
+Q(ν)−exact term (3.8)
whereQ(ν) is a linear combination of superpoincaré and superconformal charges preserved by all
the operators. If this equivalence survives at quantum level, taking the vev of both sides of this
identity we can determine 〈WF(ν)〉 as a combination of the bosonic 〈WB(ν)〉, 〈WˆB(ν)〉. However,
in three dimensions the problem of understanding how the classical cohomological equivalence
gets implemented at quantum level is strictly interconnected with the problem of understanding
framing.
In three-dimensional pure Chern-Simons theories WL expectation values are affected by finite
regularization ambiguities associated to singularities arising when two fields running on the same
closed contour clash [60]. In perturbation theory, this phenomenon is ascribable to the use of point–
splitting regularization to define propagators at coincident points [61, 62]. For ordinary WLs one
allows one endpoint of the gluon propagator to run on the original closed path Γ, and the other to
run on a framing contour Γ f , infinitesimally displaced from Γ. Then the one–loop Chern–Simons
contribution is proportional to the Gauss linking integral
1
4pi
∮
Γ
dxµ
∮
Γ f
dyν εµνρ
(x− y)ρ
|x− y|3 ≡ f (3.9)
which evaluates to an integer f (the framing number). This is a topological invariant and corre-
sponds to the winding number of the framing contour around the original one. Going at higher
orders this result exponentiates and the total effect of framing (scheme) dependence amounts to
a controllable phase eipi fλ . In non-topological Chern-Simons-matter theories framing effects still
6
Exact Results in AdS4/CFT3 Silvia Penati
appear [63, 34] but they no longer produce a phase factor, rather they give rise to phase functions
eiφ(λ ) which can be computed order by order in perturbation theory.
Going back to the problem of understanding how the cohomological equivalence is imple-
mented at quantum level, a two-loop computation done in dimensional regularization, thus cor-
responding to framing zero, shows that identity (3.8) holds identical for the vev’s only if these
are interpreted as expectations values at framing ν [32]. Precisely, if up to two loops we define
framing-ν quantities as (the subscript indicates framing)
〈WB(ν)〉ν ≡ eipiνλ 〈WB(ν)〉0 , 〈WˆB(ν)〉ν ≡ e−ipiνλ 〈WˆB(ν)〉0
〈WF(ν)〉ν ≡ 〈WF(ν)〉0 (3.10)
then the quantum cohomological equivalence reads
〈WF(ν)〉ν = e
− ipiν2 〈WB(ν)〉ν − e ipiν2 〈WˆB(ν)〉ν
e−
ipiν
2 − e ipiν2
(3.11)
Identification (3.10) for expectation values at framing-ν has been confirmed by a genuine three-
loop calculation of 〈WB(ν)〉 and 〈WˆB(ν)〉 done with point-splitting regularization at winding ν [34].
For ν = 1 identity (3.11) has been confirmed perturbatively, up to two loops [64, 65, 66].
These results show that framing, first discovered as a topological property of topological the-
ories like pure Chern-Simons, survives also in non-topological theories, but there it is no longer
an integer. Moreover, as already mentioned, the two-loop phase factors in (3.10) get corrected at
higher orders giving rise to non-trivial framing functions. As discussed in [34] and reviewed below,
for ν = 1 the framing function is entirely due to framing effects. Instead, for generic values ν of the
latitude the total phase contains all but not only framing ambiguities. In fact, already at three loops
framing independent imaginary contributions appear, which concur in reconstructing the phase.
To conclude this section we report the most updated perturbative result for the bosonic and
fermionic WLs. At finite N and framing ν the bosonic operators read [34]
〈WB(ν)〉ν = 1+ ipiνNk +
pi2
6k2
(
2N2+1
)
+
ipi3N
6k3
[
N2
(
ν3−ν+1)+ν3+3ν]+O(k−4)
〈WˆB(ν)〉ν = 1− ipiνNk +
pi2
6k2
(
2N2+1
)− ipi3N
6k3
[
N2
(
ν3−ν+1)+ν3+3ν]+O(k−4) (3.12)
whereas, using (3.11) we find
〈WF(ν)〉ν = 1− piνN
2
k
cot
piν
2
− pi
2N
6k2
(
2N2+1
)− pi3νN2
6k3
[
ν2
(
N2+1
)
+3
]
cot
piν
2
+O
(
k−4
)
(3.13)
A useful Mathematica package for weak coupling expansions of generic WLs in ABJM theory can
be found in [67].
4. Matrix Model and exact results for latitude Wilson loops
The operators defined in the previous section possess a sufficient degree of supersymmetry to
allow for the use of localization techniques in determining their vacuum expectation values. This
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program involves localizing the ABJ(M) theory on S3 and has been accomplished in [40] for the 1/6
BPS WL, that is the operator in (3.3) with ν = 1. The functional integral which computes its vev
reduces to a Matrix Model that can be evaluated at weak coupling, at strong coupling and exactly
in the large N limit. In the next subsection we review the results of [40] for the ν = 1 case, while
we postpone the discussion of the more general ν 6= 1 case to the subsequent section.
4.1 The ν = 1 case
For ν = 1 the bosonic WL (3.3) enhances to a 1/6 BPS operator WB ≡WB(ν = 1) [37, 38],
whereas the fermionic one in (3.5) becomes 1/2 BPS, WF ≡WF(ν = 1) [39]. In this case, the
classical comohological equivalence (3.8) reads [39]
WF =
WB+WˆB
2
+Q−exact term (4.1)
The Matrix Model computing the bosonic vevs has been found in [40] by localizing the path integral
withQ. They are given by
〈WB〉1 =
〈
1
N
N
∑
a=1
e2pi λa
〉
〈WˆB〉1 =
〈
1
N
N
∑
a=1
e2pi µa
〉
(4.2)
where the expectation values are evaluated and normalized using the matrix model partition func-
tion
Z =
∫ N
∏
a=1
dλa eipikλ
2
a
N
∏
b=1
dµb e−ipikµ
2
b
N
∏
a<b
sinh2pi(λa−λb)
N
∏
a<b
sinh2pi(µa−µb)
N
∏
a=1
N
∏
b=1
cosh2pi(λa−µb)
(4.3)
In these expressions a,b indices label the N +N eigenvalues (λa,µa) of U(N)×U(N) Cartan
subalgebra.
As previously discussed, when computing WLs in three dimensions an important issue to
keep under control is framing. As argued in [40], the Matrix Model always computes 〈WB〉, 〈WˆB〉
at framing one3. This can be traced back to the fact that the only point-splitting regularization
which does not break supersymmetry on S3 corresponds to taking the original path and the framed
one to belong to a Hopf fibration of the sphere.
Since the Matrix Model is explicitly invariant under the action of Q, taking the expectation
value of the comohological indentity in (4.1) we immediately obtain the quantum result for the
fermionic WL, at framing one and as a function of the results (4.2)
〈WF〉1 = 〈WB〉1+ 〈WˆB〉12 (4.4)
The expressions for 〈WB〉 and 〈WˆB〉 are in general complex functions of the λ = N/k coupling, and
can be written as
〈WB〉1 = eiΦB(λ )|〈WB(λ )〉| 〈WˆB〉1 = e−iΦB(λ )|〈WˆB(λ )〉| (4.5)
3This is the meaning of the subscript “1” in (4.2).
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where |〈WB(λ )〉|, |〈WˆB(λ )〉| are framing independent, whereas all the framing effects are encoded
in the framing function ΦB(λ ). This can be established by expanding these expressions at small λ
[40, 41, 42] and comparing them with a genuine perturbative calculation done at framing f = 1.
This has been done up to three loops in [63, 34]. In particular, ΦB(λ ) turns out to be an odd
expansion, whose first few terms read
ΦB = piλ − pi
3
2
λ 3+O
(
λ 5
)
(4.6)
We note that the lowest order correction coincides with the phase introduced in definitions (3.10)
when we set ν = 1.
Since in this case all the framing effects are enclosed into the phase function ΦB, the moduli
|〈WB〉|, |〈WˆB〉| correspond to the expectation values computed at framing zero, that is in ordinary
perturbation theory with a regularization prescription alternative to point-splitting. Using dimen-
sional regularization, these expressions have been computed up to order λ 2 [32], and their contri-
butions at cubic order can be inferred from the results in [63, 34] by setting f = 0 there.
4.2 The ν 6= 1 case
The generic parametric WLs (3.3, 3.5) deserve a separate discussion. In fact, in this case the
lower degree of supersymmetry preserved by these operators leads to kind of different features in
the general structure of their vevs. We are primarily interested in finding a Matrix Model prescrip-
tion generalizing the previous one.
As happens in the ν = 1 case, if we were able to localize the path integral for 〈WB(ν)〉,〈WˆB(ν)〉
using theQ(ν) supercharge that appears in the cohomological identity (3.8), taking the vev of that
identity we would immediately obtain 〈WF(ν)〉 as a function of the bosonic vevs. However, up to
date, the localization procedure for this general case has not been done yet. In particular, the main
difficulty stems from the fact that Q(ν) is not chiral as it is in the ν = 1 case and therefore the
procedure of [40] is not easily generalizable.
In the absence of a known localization procedure compatible with (3.8), the perturbative results
(3.10–3.13) can be somehow inspiring for guessing the structure of the final Matrix Model which
should arise from localization. Using these results as root guidance, together with the fact that the
Matrix Model should reduce to (4.2, 4.3) for ν = 1, the following Matrix Model prescription has
been proposed in [34] for computing the bosonic latitude WLs at framing ν
〈WB(ν)〉ν =
〈
1
N
N
∑
a=1
e2pi
√
ν λa
〉
〈WˆB(ν)〉ν =
〈
1
N
N
∑
a=1
e2pi
√
ν µa
〉
(4.7)
where now the average is evaluated and normalized with the following partition function
Z(ν) =
∫ N
∏
a=1
dλa eipikλ
2
a
N
∏
b=1
dµb e−ipikµ
2
b (4.8)
×
N
∏
a<b
sinh
√
νpi(λa−λb)sinh pi(λa−λb)√ν
N
∏
a<b
sinh
√
νpi(µa−µb)sinh pi(µa−µb)√ν
N
∏
a=1
N
∏
b=1
cosh
√
νpi(λa−µb)cosh pi(λa−µb)√ν
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As before, the integral is over a set of (λa,µa) eigenvalues of the Cartan matrices of U(N)×U(N).
In addition, relying on the quantum cohomological equivalence, the prescription to determine
〈WF(ν)〉 reads
〈WF(ν)〉ν = e
− ipiν2 〈WB(ν)〉ν − e ipiν2 〈WˆB(ν)〉ν
e−
ipiν
2 − e ipiν2
(4.9)
The Matrix Model provides results for the bosonic latitudes that are in general complex functions
of the coupling λ . They can then be expressed as
〈WB(ν)〉ν = eiΦB(ν)|〈WB(ν)〉ν | , 〈WˆB(ν)〉ν = e−iΦB(ν)|〈WˆB(ν)〉ν | (4.10)
whereas 〈WF(ν)〉ν computed from (4.9) is a real quantity. It is important to observe that for ν 6= 1
the phase ΦB(ν) includes all, but not only framing effects. In fact, a perturbative evaluation of
〈WB(ν)〉ν at framing f shows that already at three loops an imaginary contribution arises, which
is framing independent and proportional to (ν2−1) [34]. Remarkably, this contribution is strictly
related to an anomalous behaviour of two-point correlation functions in the defect CFT defined on
the bosonic Wilson line.
These expressions have been computed at large N in the strong coupling limit, using the Fermi
gas approach. Applying a genus expansion in powers of the string coupling gs = 2piik , and introduc-
ing the new variable κ through the identity
λ =
log2κ
2pi2
+
1
24
+O
(
κ−2
)
(4.11)
the genus-zero terms (leading order in 1/k) read [34]
〈WB(ν)〉ν
∣∣
g=0 =
−κν Γ(ν−12 )Γ(ν+12 )+ ipi κ (1+ i tan piν2 )Γ(ν+1)
4pi Γ(ν+1)
(4.12)
with 〈WˆB(ν)〉 given simply by the hermitian conjugate of 〈WB(ν)〉, and
〈WF(ν)〉ν
∣∣
g=0 =−i
2−ν−2κν Γ
(−ν2 )√
pi Γ
(3
2 − ν2
) (4.13)
Proposal (4.7) for the latitude Matrix Model relies on a number of strong consistency checks.
First of all, it is the simplest deformation of (4.2) that reduces to that expression for ν = 1.
A first non-trivial check concerns the partition function (4.8) itself. If the interpretation of this
Matrix Model as the result of localizing with the ν-dependent supercharge appearing in (3.8) is
correct, then expression (4.8) should provide the ordinary ν-independent partition function of the
ABJM model. In fact, Q(ν) is a supersymmetry of Z for any ν and the result for the partition
function should not depend on the localizing supercharge that we use. This has been successfully
checked in [34] where it has been shown that expression (4.8) can be rearranged in such a way that
the ν dependence disappears completely and it ends up coinciding with the ABJM partition func-
tion on S3 [40]. Of course, such manipulations no longer work when we insert the WL exponential.
Important checks come from comparing the Matrix Model results at weak and strong couplings
with alternative calculations. At weak coupling, its expansion perfectly matches perturbative results
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(3.12, 3.13) done at framing ν . This confirms the intuition that localization should compute WLs
at non-integer framing ν . At strong coupling, the leading exponential behavior of (4.13)
〈WF(ν)〉 ∼ epiν
√
2λ (4.14)
reproduces the holographic prediction found in [68]. Moreover, in [69] the ratio 〈WF (1)〉〈WF (ν)〉
∣∣∣
g=0
has
been computed holographically at strong coupling, at the next-to-leading order, and the result per-
fectly matches the Matrix Model prediction from (4.13).
Finally, due to the particular ν dependence of Z in (4.8), the expectation values (4.7) satisfy
the functional identity
∂ν log
(〈WB(ν)〉ν + 〈WˆB(ν)〉ν)= 0 (4.15)
In other words, the real part of the average 〈WB(ν)〉ν is independent of ν . This peculiar property is
going to be useful for the discussion in section 6.
5. An exact prescription for the Bremsstrahlung functions
As reviewed above, both in four and three-dimensional superconformal models localization
provides exact prescriptions for computing circular WL averages exactly. It is then tempting
to exploit circular WLs for determining other physical observables of interest in these theories.
A remarkable example of observable is the Bremsstrahlung function, which has been shown to
be strictly related to circular WLs through non-trivial identities that rely on the power of (su-
per)conformal symmetry. After briefly reviewing what happens in theN = 4 SYM case, we focus
on the configuration of Bremsstrahlung functions in ABJM theory and their relation with latitutude
WLs.
Generalising the well-known Larmor-Liénard formula of QED, in a generic gauge theory the
Bremsstrahlung function B defines the energy lost by a massive quark slowly moving in a gauge
background with velocity ω ,
∆E = 2pi B
∫
dt ω˙2 , |ω|  1 (5.1)
In CFT it is also related to the cusp anomalous dimension Γcusp which weights the singular part
of a Wilson operator at a cusp (see figure 1). In fact, close to the cusp short distance singularities
appear, which exponentiate as
〈W∠〉φ ∼ e−Γcusp(φ) log Lε (5.2)
where L is a large distance regulator, while ε is the UV regulator. For small angles, φ  1, the cusp
anomalous dimension behaves as Γcusp(φ) ∼ −Bφ 2 [7], where B is the Bremsstrahlung function
defined in (5.1). In general it is a non-trivial function of the coupling constant of the theory.
This quantity has been first defined and computed in the N = 4, SU(N) SYM theory for the
generalized Wilson-Maldacena operator (2.2). In this case, since the operator is featured by both
a geometric cusp angle φ as in figure 1 and an internal angle θ which drives the coupling to the
scalar fields, for the singular part of its vev we have
〈W∠(θ)〉φ ∼ e−Γcusp(φ ,θ) log Lε (5.3)
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Figure 1: A cusped contour for a Wilson operator.
and for small angles one can prove that [7]
Γcusp(φ ,θ) ∼
θ ,φ1
B(θ 2−φ 2) (5.4)
In particular, this expression vanishes for θ 2 = φ 2 where the divergences disappear and the cusp
becomes BPS.
Although in principle B could be computed directly from the cusp anomalous dimension, this is
in general obstructed by the fact that the perturbative evaluation of Γcusp is not an easy task already
at low orders. However, exploiting the line-to-circle mapping in CFTs, an exact prescription has
been proposed [7] for computing this quantity in terms of the 1/2 BPS circular Wilson loop
B =
1
2pi2
λ∂λ log〈W1/2〉 , λ = g2Y MN (5.5)
where W1/2 is the operator in (2.2) evaluated on the maximal circle in S2, for which localization
predicts the exact expression (2.4). Therefore, applying identity (5.5) to this result leads to an exact
expression for B. This result has been checked at weak coupling against a genuine perturbative
calculation of Γcusp up to four loops [7, 70, 71] and at strong coupling up to one loop [72, 73].
Remarkably, it has been also obtained solving a TBA system of integral equations in a suitable limit
[12]-[17]. Therefore, the observable B plays also a crucial role in testing integrability underlying
the AdS/CFT correspondence.
In ABJM theory, since there are bosonic and fermionic WLs we can define different types of
cusped operators and consequently different types of Bremsstrahlung functions [46, 47].
Computing the divergent contributions to a fermionic, 1/2 BPS operator close to a cusp (see
figure 1) we obtain
〈W∠F (θ)〉φ ∼ e−Γ
1/2
cusp(φ ,θ) log Lε , Γ1/2cusp(φ ,θ) ∼
φ ,θ1
B1/2(θ 2−φ 2) (5.6)
where θ is an internal angle that describes possible relative rotations of the matter couplings be-
tween the Wilson loops defined on the two semiâA˘S¸infinite lines. It is important to stress that B1/2
appears as a common factor due to the fact that for θ 2 = φ 2 the cusp anomalous dimension vanishes
and the cusped operator becomes BPS.
Instead, if we study the short distance behaviour of a 1/6 BPS bosonic operator near a cusp,
we find that no BPS condition enhances in this case and we are forced to define two different B
functions
〈W∠B (θ)〉φ ∼ e−Γ
1/6
cusp(φ ,θ) log Lε , Γ1/6cusp(φ ,θ) ∼
φ ,θ1
Bθ1/6 θ
2−Bφ1/6 φ 2 (5.7)
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All the B’s are in general functions of the coupling constant λ and require specific determination.
To this end, as in the four-dimensional case, it is crucial to relate these quantities to observables
whose vevs are known exactly from localization.
This problem has been originally addressed in [47], where the following prescription for com-
puting Bφ1/6 in terms a m-winding circular 1/6 BPS bosonic WL was proposed
Bφ1/6 =
1
4pi2
∂m log | 〈W mB 〉 |
∣∣∣
m=1
(5.8)
A similar prescription has been later proposed for computing B1/2 [32] and Bθ1/6 [68] in terms of
fermionic (3.5) and bosonic (3.3) latitude WLs, respectively
B1/2 =
1
4pi2
∂ν log | 〈WF(ν)〉 |
∣∣∣
ν=1
, Bθ1/6 =
1
4pi2
∂ν log | 〈WB(ν)〉 |
∣∣∣
ν=1
(5.9)
It is important to note that all these identities require taking the modulo of the BPS WL, in contrast
with the analogous prescription (5.5) inN = 4 SYM. This is due to the fact that in three dimensions
the WL vevs acquire imaginary contributions both from framing and non-framing effects. The
modulo is then necessary in order to obtain a real expression for the B functions. A detailed
discussion about this point can be found in [34].
Formulae (5.9) have been proved in [74] and [68], respectively, using their relation with cor-
relation functions in one-dimensional defect CFTs defined on the Wilson lines. Moreover, the
interesting relation
Bθ1/6 =
1
2
Bφ1/6 (5.10)
has been guessed in [75, 76] from a four-loop calculation and finally proved in [77]. In particular,
using equations (5.8) and (5.9), this identity implies a non-trivial relation between the ν-derivative
of the latitude WB(ν) and the m-derivative of the m-winding WL.
Perturbative checks up to two loops for Bφ1/6 and B1/2 can be found in [46, 32], whereas a
similar check for Bθ1/6 is given in [32]. A three-loop calculation of Γcusp [33] provides a non-trivial
check for B1/2 at this order. At strong coupling, B1/2 matches the string prediction at next-to-
leading order [78, 79].
6. Bremsstrahlung and framing
Aa a remarkable consequence of prescriptions (5.9) for computing the Bremsstrahlung func-
tions a new physical interpretation of framing in three-dimensional Chern-Simons-matter theories
arises [32, 33, 77].
In fact, we can elaborate on the first equation in (5.9) by substituting 〈WF(ν)〉 with its expres-
sion (4.9) coming from the cohomological equivalence. As consequence, the fermionic B1/2 turns
out to be expressed in terms of the bosonic BPS WLs, which in turn can be written as in (4.10).
Now, assuming identity (4.15) to be true we eventually find
B1/2 =−
i
8pi
〈WB〉−〈WˆB〉
〈WB〉+ 〈WˆB〉
=
1
8pi
tanΦB (6.1)
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where WB,WˆB are the underformed bosonic 1/6 BPS WLs discussed in section 4.1 and ΦB the
corresponding framing function defined in eq. (4.5). As already discussed there, for ν = 1 this
phase contains all and only framing contributions. Therefore, we reach the conclusion that framing
effects, which in topological Chern-Simons theories correspond to integer topological invariants
and represent a controllable regularization scheme dependence, in non-topological Chern-Simons-
matter theories are no longer numbers but functions and acquire a new physical interpretation as
sources for the Bremsstrahlung function.
Similarly, elaborating the second identity in (5.9) we easily obtain
Bθ1/6 =
1
4pi2
tanΦB(ν) ∂νΦB(ν)
∣∣∣
ν=1
(6.2)
where now ΦB(ν) is the generic bosonic phase function at latitude ν defined in (4.10). In this case,
as already mentioned, it contains all but not only framing contributions. This identity has been
exploited to perform non-trivial checks of the whole construction. In fact, the four-loop calculation
of [75, 76] for Γ1/6cusp allows to determine Bθ1/6 up to this order. Using equation (6.2) this in turn
provides a prediction for the expansion of ΦB(ν) up to λ 3 [77] (we recall that the phase function
has an odd expansion in λ ). Merging this result with the two-loop calculation of |〈WB(ν)〉| [32]
one obtains a three-loop expansion for 〈WB(ν)〉ν . This prediction has been checked by a genuine
three-loop calculation of 〈WB(ν)〉 done at framing ν [34], and is marvellously reproduced by the
Matrix Model average (4.2) expanded at weak coupling.
7. Conclusions and Perspectives
I have reviewed recent progress in the study of generalized (latitude) bosonic and fermionic
BPS Wilson operators in three-dimensionalN = 6 ABJM theory.
The first result concerns the proposal for a ν-latitude Matrix Model that computes bosonic
WL averages exactly at framing ν . Assuming cohomological equivalence to hold at quantum level
at framing ν , one can then find the result for the fermionic operator in terms of the bosonic ones.
These are new exact, interpolating functions that allows to test AdS4/CFT3 in the large N limit.
In fact, for the fermionic operator the Matrix Model result expanded at strong coupling matches
the holographic calculation. For the bosonic latitude no precise dual string configuration has been
determined yet, though much progress has been recently done in [80], and therefore our findings
constitute a brand new prediction, begging for a string theory confirmation.
Our latitude Matrix Model is expected to be the result of localizating the original path integral
with a supercharge compatible with the cohomological equivalence, possibly the Q(ν) charge
itself (see eq. (3.8)). It is then demanding to develop such a localization procedure in order to
have confirmation of our proposal from first principles. However, it cannot be a straightforward
generalization of the procedure developed in [40] for the ν = 1 case, since in this caseQ(ν) is not
chiral.
We have discussed latitude WLs in ABJM theory. However, definitions (3.3, 3.5) can be eas-
ily generalized to the case of the U(N1)k ×U(N2)−k Chern-Simons-matter theory (ABJ theory)
[31]. The WL expressions are formally the same except for the overall normalizing factors that
will be functions of N1 and N2. A more general Matrix Model has been proposed also for this
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theory [34], which reduces to (4.2,4.3) for N1 = N2. In this case, computing the partition func-
tion, a nonâA˘S¸trivial ν-dependence survives in its phase. Its appearance could be ascribed to a
ChernâA˘S¸Simons framing anomaly discussed in [81, 82] and leads to the conclusion that the de-
formation affects the partition function only in its somewhat unphysical part, whereas its modulus
is ν independent. However, this finding is still not totally clear and deserves further investigation.
We have provided an exact prescription for computing the Bremsstrahlung functions in terms
of latitude WLs. These functions could be alternatively computed by exploiting the exact solvabil-
ity of the model [83, 84, 85, 86]. This would require solving a system of TBA equations, as done
in N = 4 SYM [12, 13]. Matching localization and integrability results would be crucial for an
exact check of the conjecture in [87] for the interpolating function h(λ ) of the ABJM theory. Some
preliminary steps in this direction involve the exact evaluation of the fermionic cusp anomalous
dimension in a suitable scaling limit [88]. At strong coupling, h(λ ) has been tested up to two loops
in the string sigma model [89].
More generally, our Matrix Model results could be exploited for studying correlation func-
tions of local operators in the one-dimensional defect superconformal field theory defined on the
Wilson contour. For example, derivatives of the bosonic latitude WL with respect to the parame-
ter, ∂ nν log〈WB(ν)〉
∣∣∣
ν=1
, give rise to integrated correlation functions of local bilinear operators of
the form mIJ(τ)CI(τ)C¯J(τ). Knowing the explicit expression of these derivatives from the Matrix
Model and comparing them with a bootstrap evaluation of the correlation functions would pro-
vide information on the OPE data of the one-dimensional theory. Further important questions that
would be interesting to address in this context are: What is the relation between the two one-
dimensional theories defined on WB(ν) and WF(ν)? More generally, what are the implications of
cohomological equivalence on the one-dimensional theories? What is the meaning of framing in
the one-dimensional theories? We plan to address these questions in a near future.
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